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Abstract In order to analyze and model the body kine-
matics used by fish in a wide range of swimming behav-
iors, we developed a technique to separate the periodic
whole-body motions that characterize steady swimming
from the secular motions that characterize changes in
whole-body shape. We applied this harmonic analysis
technique to the study of the forward and backward
swimming of lamprey. We found that in order to vary the
unsteadiness of swimming, lamprey superimpose periodic
and secular components of their body motion, modulate
the patterns and magnitudes of those components, and
change shape. These kinematic results suggest the fol-
lowing hydromechanical hypothesis: steady swimming is a
maneuver that requires active suppression of secular body
reconfigurations.
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1 Introduction

Fish bodies are internally-actuated flapping foils that gen-
erate flexures to produce, augment, and modulate
momentum transfer to and from body and water. In so
doing, fish not only generate thrust, but they also create a
range of mechanical behaviors, from constant-velocity
cruising to high-acceleration startle responses and straight-
line translation to rotational maneuvers. The dynamics of
coupled internal and external forces, i.e., the hydroelastic
system, reveal themselves in a body’s instantaneous kine-
matic configuration and reconfiguration over time (Bowtell
and Williams 1993; Cheng et al. 1998; Daniel and Tu
1999; Daniel and Coombes 2002). For biologists and
engineers studying biological flow, accurate body kine-
matics are essential (1) to determine general features of
locomotor kinematics across behaviors and species, (2) as
input for open-loop models that estimate dynamics of the
coupled hydroelastic system (Hess and Videler 1984), and
(3) for validation of motions output by closed-loop hy-
droelastic models (Carling et al. 1998; Cheng and Blickhan
1993). The first of these pursuits, determination of general
features, is the focus of this paper. In particular, our goal is
to quantify body kinematics in such a way as to permit fine-
scale temporal and spatial description, within a single cycle
and for the whole body, respectively, and at the same time,
to discover new ways of characterizing the kinematics of
the whole body.

From a biological point of view, we seek to analyze,
discriminate among, and generalize from a group of swim-
ming behaviors showing high kinematic variation: transla-
tional swimming (1) at speeds determined by the animal
rather than the investigator, (2) in forward and backward
directions within the fish’s frame of reference and using the
same propulsive mechanism, and (3) of only a single or few
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propulsive cycles. Variation in swimming speed occurs
naturally even in fish migrating upstream, a situation that
might appear to demand constant-velocity swimming;
individuals vary speed, by modulating the kinematic prop-
erties of cycle frequency and lateral body amplitudes, to
negotiate flow obstacles inherent in natural hydrology
(Castro-Santos 2005). Further, variation in swimming
kinematics is higher in lake sturgeon that select their own
swimming speeds compared with those for whom speed is
determined by the investigator (Webb 1986). Also, kine-
matic variations in white sturgeon selecting their own speeds
include changes in body shape, with individuals swimming
at the same speeds at different times selecting different
magnitudes of body curvature (Long 1995). Finally, drastic
variation in swimming kinematics of European eels is seen
between forward and backward undulatory swimming,
where, at similar speeds, the body has different shape con-
figurations and kinematic patterns (D’ Aout and Aerts 1999).

In experimental situations, kinematic variations during
swimming are often carefully minimized. For “steady”
translational swimming, one such approach is to analyze
only those trials in which the speed over three to five
sequential tail-beat cycles varies by a small and prede-
terimined magnitude (D’Aout and Aerts 1999; Jayne and
Lauder 1995; Tytell 2004b). For trials meeting these con-
ditions, points along the body’s midline, from snout to tail
tip, are tracked through time. From the many possible
metrics, tail-beat frequency (Hz) and lateral tail-beat
amplitude are considered fundamental, as shown by their
use in important dimensionless numbers such as the
Strouhal number (Taylor et al. 2003; Triantafyllou et al.
1993), Froude efficiency (see Blickhan and Cheng 1994),
and the wake vortex ratio (Dabiri 2005) for power and
thrust approximations based on Lighthill’s classic elon-
gated body theory (Lighthill 1975; Wu 1977; Webb 1975).
This focus on the tail-beat frequency and amplitude are
justified because, in undulatory swimmers, the tail is a
trailing edge and, therefore, a site of vortex shedding. At
the same time, vortex production is a whole-body phe-
nomenon, as demonstrated by oscillating pressure differ-
entials on the flapping flexible body (Liu et al. 1996; Long
et al. 2002) and direct visualization of circulation devel-
oped on the body (Tytell 2004a, b; Miiller and van Leeu-
wen 2004). If it is the case that the whole body is a flapping
foil involved in thrust production, we predict that new
kinematic features of the whole body can be discovered
that will help us to understand the mechanics of highly
variable swimming behaviors.

Creating a method that mathematically decomposes the
whole-body kinematics of lamprey swimming forward and
backward at speeds of their own choosing, we address the
following specific questions. First, how “steady” is steady
swimming, where “steady” refers to the purely periodic

@ Springer

nature of the undulatory motions? Second, if we measure
and characterize undulatory motion as a multi-dimensional
matrix of periodic and secular components, what aspects of
this matrix are modulated in order to alter performance and
behavior? Third, given reports, mentioned above, of fish
changing body shape, what we call “reconfiguration”, do
fish reconfigure differently in different situations?

2 Methods
2.1 Experimental animals

We chose an elongate-body swimmer, the marine lamprey,
Petromyzon marinus, as our study species for several rea-
sons. First, they swim forward and backward using trav-
eling waves of body flexure (Islam et al. 2006). While they
swim forward routinely, when provoked lamprey retract
their heads, as most elongate swimmers do (Ward and
Azizi 2001), and swim backward with body kinematics in
between the excellent backward propulsion of eels (D’ Aout
and Aerts 1999) and the stationary motion of ropefish
(Bierman et al. 2004). Since in both swimming directions
lamprey use traveling body flexures, they provide us with a
wide range of swimming behaviors and body reconfigura-
tions without the complications of comparing different
species. Second, much is known about the underlying
neural control of lamprey swimming, since they are used as
a model organism for the neural control of vertebrate
locomotion in general (Grillner et al. 1995; Grillner 1996;
Ijspeert 2001; Sigvardt 1989; Guan et al. 2001) and eel-like
swimming in particular (Carling et al. 1998; Ekeberg 1993;
Ijspeert et al. 1999; Lighthill 1975; Williams et al. 1998).
Third, lamprey have been used as the biological model for
the simulation of the evolution of locomotor control sys-
tems (Ijspeert and Kodjabachian 1999; Or et al. 2002) and
the design of aquatic robots (Arena et al. 2006; Crespi and
Ijspeert 2006; Lachat et al. 2006).

2.2 Experimental conditions

Using high-speed video, we filmed lamprey swimming
forward and backward in a still-water tank. For analysis,
we biased selection of trials towards those appearing on
slow-motion video to be of nearly constant velocity. We
did so in order to test the ability of our methodology to
detect deviations from constant velocity swimming. Since
backward swimming is in part a head-retraction startle
response (Ward and Azizi 2001), we also sought to mea-
sure changes in the body shape, or what we call “recon-
figuration”, as separate from propulsive body movements.
Thus steady swimming with a constant body shape is the
starting point for our analysis.
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Seven metamorphosed, parasitic-phase sea lamprey,
Petromyzon marinus, between 10 and 17 cm total length,
were obtained from the Lake Huron Biological Station in
Millersburg, Michigan and the Conte Anadromous Fish
Research Center in Amherst, Connecticut. All lamprey
were housed at 20°C in an 80 L aquarium. Swimming se-
quences were captured at 500 frames per second with high
speed video (Kodak Ektapro model 1000 EM). The ventral
surface of fish was filmed during forward and backward
swimming through the glass bottom of an aquarium evenly
backlit by a diffuser illuminated with a 500 W halogen
light. A 10 X 10 cm square grid was placed in the video
field for calibration. Swimming was initiated by gently
stimulating the rostral or caudal end of the fish with a
rubber tipped rod.

2.3 Digitizing and preprocessing video

Video sequences were digitized using a video deck (Sony
SVO-9500MD SVHS) linked to a Macintosh IIfx com-
puter. An xy-coordinate grid was overlaid upon the video
screen (Image 1.51 software, Televeyes Pro video overlay
board, Digital Vision, Inc.). A series of 20 points on the
fish’s midline was manually plotted for 20 frames per
putative tailbeat cycle. These data were processed using
software introduced by Jayne and Lauder (1993) to create a
dataset consisting of time series of positions in two
dimensions for specific points uniformly spaced on the
midline of the fish. Each time series includes one pair of
coordinates for each frame of the digitized video that was
processed. We tracked 31 body points, extending from the
rostral tip to the caudal tip. The elapsed time between
successive frames was constant and is referred to as the
interframe time. Since not every frame of the original video
was digitized, and the number of frames skipped varies
from trial to trial, the interframe time varies as well. The
data form doubly indexed coordinate pairs, X; = (x;, y;), in
units of centimeters, with 1 <i < N and 0 <j < 30. The
index i varies over the N digitized frames, and j varies over
the 31 body points.

2.4 Identifying velocity and cycle period

Following Weihs and Webb (1983), steady swimming is
when the fish’s undulatory motion is repetitive and the fish
is moving on average along a straight trajectory. We regard
a steadily swimming fish as having a characteristic period,
p, associated with its motion. While p is traditionally
measured to as the tail-beat period, taken from a single
point, we define p as the whole body cycle period, since, for
archetypal steady swimming, at the end of a cycle period
the entire fish’s body returns to its original physical con-
figuration. This terminology is meant to signal the more

balanced origin of this statistic by contrasting with the
more usual tailbeat period used commonly in the biological
literature.

Consider motion of a single body point of the fish.
Labeling this point’s position in space at one instant as Xjpj,
and the point’s position after a time interval p has passed
Xgnal, the average velocity of that body point over that cycle
period is

v — Xfinal — Xinit . (1)
p

Steady swimming postulates that this average velocity
vector, v, and p, are constant as both the initial instant and
the choice of point on the fish vary.

In current practice, tailbeat period is determined by
identifying two frames in which the trailing tip is in the
same relative position, for instance full extension to the
fish’s left, and calculating the elapsed time. While this
general approach gives a good rough estimate to p, there
are two important limits to its accuracy. First, it uses po-
sition information from a single point to infer a critical
parameter in the kinematics of the entire fish. Given that
we have position data for the entire fish, it is reasonable to
seek a statistical method to use all of it to ascertain p, or
equivalently its reciprocal, the whole body cycle frequency
/- The second limitation is that determining the two frames
in which the trailing tip is in the same relative position
depends upon an estimation of the direction of motion of
the fish, or the average velocity described above. This
determination is typically done by eye, and therefore is not
as accurate as a statistical technique, and this inaccuracy is
particularly large in the still water situation of the data
examined in this paper. Further, analysis of our kinematic
data shows that both the average velocity and the period of
motion display variability over the length of the fish, and so
in general these quantities need to be calculated statisti-
cally. We present two techniques in this section: one based
on the raw data in the time domain, and the other on data
transformed to the frequency domain. The former is the
natural means for estimating p, and the latter is the same
for estimating f. In both cases it is essential to estimate the
average velocity in conjunction with the cycle length.

2.4.1 Estimating a cycle period and velocity
in the time domain

While standard techniques exist for identifying the periodic
and long-term trends in time series data (see Brockwell and
Davis 1996, Chap. 1), they are of limited use here because
of the short duration of the times series relative to p. Few of
our trials have two full cycles, whereas traditional methods
work best when at least three cycles of data are available
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(see Chatfield 2004, p 27), a point widely acknowledged in
the literature on steady swimming (e.g., Jayne and Lauder
1995).

To overcome this difficulty, beginning with a dataset as
described in Sect. 2.3, and taking all intervals of the
specified length p = kAf, where At is the interframe time
for this dataset, we compute 31(N — k) sample average
velocities, (X¢x) — X;)/kAt = v;;. The sample mean V.. is
henceforth called composite average velocity, to indicate
that it is the mean of the average velocities of all body
points, and distinguish it from the average velocity for
individual body points, which will play an important role in
the model constructed here. We compute a standard error
under the unrealistic assumption that the estimates v;; are
independent via

>y lvi = vk
SE(k) = \/62(N “K)[62(N—k) — 1] @)

where v(k) is the composite average velocity for a lag of
k, a candidate for V... In contrast to autocorrelation
coefficients, which—as one would expect—vary errati-
cally over body length and lag A, this standard error varies
smoothly and offers a simple algorithm for finding p and
Vave. If SE(k) achieves a local minimum at some
1 <k<N-1, then we assign p = kAt and Ve = v(k).
One of our trials has more than one local minimum, but
this is because the trial is one of two with more than two
full cycles. In this case, we use the shorter of the two
intervals corresponding to a local minimum as p. If there
is no local minimum, then SE(k) is monotonically
decreasing for 1 < k< N, and we turn to the frequency
domain. In practice, this occurs in instances when p is
only slightly shorter than the trial’s full time interval, and
the motion is not very steady, according to the criterion
we develop below.

Our rationale for making the standard error rather than
the sample variance our objective function is that it
penalizes longer candidate p values to compensate for
smaller sample sizes. Sample variance is often a monotone
decreasing function unless the motion is quite steady and
the trial’s full interval is substantially longer than p.

2.4.2 Estimating an average cycle frequency and velocity
in the frequency domain

To deal with instances when p is nearly as long as the trial
interval in moderately to very unsteady motion, we have
constructed a second technique that estimates f = 1/p by
applying a discrete Fourier transform that converts the data
described in Sect. 2.3 to the frequency domain. The
cycle frequency for each point in each dimension is then
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estimated, and a weighted average cycle frequency is
computed. The computation involves three steps.

First, we compute a windowed discrete Fourier trans-
form (henceforth FT) of the x- and y-components for the
positions for each individual point. The window is a fre-
quency bandwidth that extends from zero to twice the
frequency associated with a low estimate of f. This filters
out frequencies from harmonics of the estimated tailbeat
frequency. The windowing serves two purposes: it aids in
filtering out the displacement from the FT, and it excludes
interference from the first harmonic in determination of f.

Second, we filter the net displacement of each body
point out of its FT by least-squares regression. Performing
this in a low-frequency window is critical for the tech-
nique’s accuracy. If regression is performed in the time
domain, the result is less accurate estimates of the body
point’s velocity, v, and of p. From the net displacements in
each coordinate an average velocity vector, v; is derived for
each body point. These are averaged with equal weighting
to give V,.. The residuals of this regression are a filtered
FT (henceforth fFT), and this represents the frequency
profile of the periodic portion of the motion of the body
point. A periodogram shows the amplitude data for this
frequency profile, for both spatial coordinates of all 31
body points in a representative dataset (Fig. 1).

Third, each body point offers two estimates of f, the
maximum amplitude frequency in the fFT in each spatial
dimension. These are denoted f ; and f, ;, where the index i
varies over body points. The amplitudes at these frequen-
cies, denoted a,; and a,; are used to weight the average of
the frequencies over body points and directions to compute
f. That is,

B Zbodypoints Axf +ayf,
Zbodypoims ax + ay

f (3)

Computations demonstrate that motion in the lateral
direction is dominated by the fundamental frequency of the
motion, with an amplitude proportional to the flexion of the
spinal chord/curvature of the notochord. The motion in the
axial direction is dominated by the first harmonic, with an
amplitude proportional to the square of the flexion/curva-
ture. Since flexion is less than one, this amplitude is smaller
than that in the lateral direction. Thus, if the dataset hap-
pens to have the lateral and axial directions roughly aligned
with the coordinate directions, it is possible the axial
direction will generate false estimates of the fundamental,
off by a factor of two. Hence we set the bandwidth window
to exclude the first harmonic.

The estimate for p is the reciprocal of f rounded to the
nearest multiple of the interframe time, so all estimates for
p are integer multiples of the interframe time.
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Fig. 1 Periodograms for fFT’s
for all body points for a
representative trial where p
(0.84 s or f=1.19 Hz) was
determined in the frequency
domain. The frequency 0.2
components due to translation,
including any constant (0 Hz)
component, have been
eliminated from the profiles by
regression. The large disparity
in peaks of the various curves 01k
indicates that the different body
points are displaying different
fundamental frequencies. Note 0.05 -
that while the scales in the
horizontal direction are the
same, the vertical scales are
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2.5 Assessing the steadiness of swimming

Once p and Vv, have been estimated, we can test our
assumption that the swimming motion is steady. To do so,
we offer an unsteadiness index (UI) to measure the devi-
ation of the observed data from the ideal of steady swim-
ming. The UI is related to, but purposely slightly different
from, the standard error SE(k) minimized to find the time
domain estimate of p.

The Ul for a dataset with estimates of V,. and p is a
dimensionless figure of merit quantifying the accuracy of
the assumption that the dataset represents steady swimming
with the specified period and velocity. Thus smaller Uls
indicate more nearly steady datasets. We assume that
p = kAt with k an integer, but this assumption can be re-
laxed without difficulty.

The first step in computing the UI is to compute all
possible reconfiguration errors (RE), the relative errors
between V,,. and the average velocity of body points over a
cycle. For each body point we have time series of x- and

L L
Filtered frequency profile

y-coordinates; a time series of position vectors for the body

point, X;, X», X3, ... Xy. Compute the average velocity of the

body point over the whole body cycle period that begins in

frame i and ends in frame i + k. From Eq. 1 this gives us
Xitk — Xi

Vactual,i = )

p

which we compare with v, to get the RE

RE,' _ Vaclu'iilA,i - {'ave ) (4)
Vave|

REs are vectors that are useful in themselves in assessing
the steadiness of a dataset (see Fig. 7).

Once the REs have been computed for every available
cycle for every body point, we use them to compute the Ul
Since the REs would all be zero for a perfectly steady
swimmer, the Ul is a weighted standard deviation of the
REs, using the zero vector as the center value. The formula
for the computation is
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12 Ve

ZSlpointS& IRE;| [Vactual i
Ul = 1<i<N -k s
B 31(N —k) — 1 ‘ )

Note that the ratio of lengths of velocity vectors in this
formula would not appear in the usual standard deviation
calculation. Because the quantity IRE,* includes a factor of
[Vave|> in the denominator, multiplying by the ratio of
lengths places the product |Vaye||Vactari| in the denomina-
tor, giving both estimated and the computed average
velocity vector weight in assessing the relative size of the
error.

2.6 Modeling steady undulatory motion

The data are rotated so that the composite average velocity
vector points in the positive x-direction, and each frame of
the data is translated horizontally in the negative x-direc-
tion by the displacement predicted the estimated speed of
the fish. That is, if s = |V,y.| in units of centimeters per
interframe time, the ith frame of rotated data is translated to
the left by (i — 1)s. The result is data that are on average
stationary, assuming that V,, is an accurate estimate.
These data preserve the periodic portion of the motion, and
the deviation from steadiness, including periodic axial
acceleration and deceleration. The horizontal direction is
now the axial direction, labeled u, and the vertical direction
is now the lateral direction, labeled v.

Any function u(f) with period p that is continuous and
piecewise smooth (technical conditions that kinematic data
always satisfy) can be written as a Fourier series (see, e.g.,
Tolstov 1962):

u(t) = up + iAn cos((n+ Dot — ¢,,). (6)
n=0

The quantity o is the fundamental angular frequency,
o = 2n/p. The integer multiples of the fundamental fre-
quency nw are the harmonics of the fundamental with the
integer n + 1 giving the nth harmonic. Each frequency has
two associated parameters that collectively characterize the
function u; they are the amplitude A,, and the phase angle
¢,. The constant u is the average value of u(r).

We truncate the infinite series no later than the fourth
harmonic since we can expect our discrete data to provide
us with information for the first few harmonics of the full
frequency spectrum. The choice of the fourth harmonic as
the final term in our series is heuristic; it rarely plays a
substanial role in any of our models. In practice an
unmodified finite Fourier series gives a relatively poor fit to
the data, even if the Ul is fairly low, because, over the
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course of a cycle, the final configuration of the fish is never
identical with its initial configuration. Even fairly steady
swimmers experience changes in configuration that typi-
cally result in relative errors in their average velocity of
10% (Fig. 7). To account for this deviation from steadi-
ness, we introduce a term that varies secularly. For most
data sets it is sufficient to include only a constant velocity
term, giving a linearly displaced Fourier series of this
form:

Nmax

u(t) = up + vel,t + ZA,, cos(nwt — ¢,,). (7)

n=1

However, some datasets require secular acceleration as
well, giving a quadratically displaced Fourier series:

Wup ZA" cos(nwt — ¢,).  (8)

n=1

u(t) = uy + vel,t +

Equation 7 or, in certain instances called out below, Eq. 8,
is the model we use to describe the motion of a single body
point in a single dimension of uv-space, usually with
Nmax = 2 to include the fundamental and first harmonic.
Series expansion of relative motion caused by sinusoidally
varying flexion shows that these two frequencies should
include the majority of the motion of the fish. Because we
have 31 body points each requiring two coordinates, a full
model of the motion of the fish within its inertial frame
requires 62 functions of the form given in Eq. 7 (or Eq. 8).

2.7 Summarizing the harmonic structure
of swimming kinematics

To visualize the information in these models we use plots
of harmonic structure (see Fig. 8). These plots consist of an
array of shapes that indicate the magnitude and phase (if
applicable) of the contribution of a particular term in the
model (Egs. 7, 8) at various points along the length of the
fish. In these plots, the horizontal dimension represents
position along the fish from rostrum on the left to caudal tip
on the right. Above the central axis is data on the fit in the
lateral direction, below the axial direction. For the secular
velocity term, a black square is included for each body
point. Sides parallel to the coordinate axes indicate the
velocity is in the positive direction for its coordinate,
otherwise the square has diagonal sides. A secular accel-
eration term, when included, is represented by a triangle,
which points upward for positive acceleration.

The frequencies used in the model increase as we move
outward from the central axis of the plot. The amplitude of
the contribution of each frequency is indicated by the area
of a disk, while the phase of the contribution is indicated by
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the color of the disk, as indicated in the legend accompa-
nying the figure.

These plots include a graphic summarizing the quality of
the fit at each point in each component in a row of rect-
angles at the top and bottom margins of each plot. Each
box conveys the R value for the fit at a body point in one
dimension. Values of R? greater than 0.5 are indicated by
filling the box to a level proportional to the excess,
beginning at the side closest to the central axis and using
black. Values less than 0.5 are indicated by filling the box
in red to a level proportional to the deficit, beginning away
from the central axis.

3 Results

3.1 Comparing whole body cycle period
with tailbeat period

For steady locomotion with large average speed, the visual
technique commonly used by biologists to compute a
tailbeat period (See Sect. 2.4) gives cycle periods generally
comparable to the whole body cycle period. However,
when the motion is unsteady and the average speed is

1.8 A

1.6 1

[
N
L

-
N
|

UI=1.29

o
o
L

Visual Est. Tailbeat Period (s)
o
b\ L

0.4
R? = 0.8594
0.2

y = 0.9575x + 0.015

small, it is much more difficult to ascertain the fundamental
period for the motion. Because the backward swimming
trials are generally more unsteady than the forward motion
trials, as shown in Fig. 5, and they generally have lower
average speeds, as shown in the first graph of Fig. 6, this
means that the visual method is unsatisfactory in analyzing
these trials in particular. Figure 2 shows that while the
tailbeat period computed by an experienced experimenter
generally agrees with those computed using the method
developed here for the forward trials, there are substantial
deviations between the two techniques for the backward
trials.

The fact that these deviations show no systematic bias
suggests that the differences in these two methods of
measurement is not amenable to correction by some fixed
adjustment, such as a regression formula. Rather, the sta-
tistical technique must be applied to the raw data in order
to appropriately estimate the cycle period.

3.2 Unsteadiness index and steady locomotion
The UI allows us to characterize a continuum of body

motions (Fig. 3). For the sake of discussion, we categorize
all motions with an UI greater than one, when the fish is

y = 0.7056x + 0.2837
R? = 0.519

4 Forward Trials
B Backward Trials
—— Forward
— Backward

0 0.5

1 1.5 2

Whole Body Cycle Period (s)

Fig. 2 Tailbeat periods for the 34 trials as found by an experienced
experimenter plotted against the whole body cycle periods as
computed by the technique described in Sect. 2.4. The plot shows
that the two measures of the period of motion generally agree for
forward trials, which characteristically have higher speeds and
steadier motion. For backward trials, at slower speeds and with more
unsteadiness, the measurements differ more substantially. Among

backward trials, one notable exception is the only backward trial with
cycle period (by either method) less than 0.5 s, where the majority of
forward swimming trials lie. This trial also happens to be the fastest
of the backward trials, some 40% faster than the next fastest.
Although this trial is unsteady (UI = 1.30), the increased velocity
seems to make it easier for the experimenter to accurately assess the
direction of motion, and therefore the extremes of tail tip motion
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Fig. 3 Behavioral range of Forward Backward
forward and backward
volitional swimming, as Initial -
measured and categorized
(steady, transitional, or )
reconfigurative) by unsteadiness . N ,.
index (UI). Six examples. Note Final
that midlines, normally Z V /\\
superimposed, have been 8 M /\\
displaced laterally to show n //\
propagation of curvature and % / ‘
changes in body shape -~ Tnitial /7//
(reconfiguration). The red =
arrow, next to the initial midline A Veloci )
. : o indi verage Velocity .
in each time sc?rles, indicates the UL= 0.095 Ul = 0.20 Final
average velocity vector for that
trial. Reconfigurative swimming
occurs only in backward trials \%
(see Fig. 5). The two bottom-
most forward swimming trials
are the only ones for which two
full cycles were captured ?é \fm
g m\/\
R7)
=1
@
-
& \
Final
UL=0.55 UL =0.78 e
E;\ o) Titie / N\
<2 M nitial ﬁ'\‘
S e \\X///& — % 7= N\
£ W =—— /\
2% = = 7\
=) M ///\\\1/
oE = = =\
2 g s~ 7 \\\//4
= W Final
Ul =0.16 Ul=1.29

using more than half its motion to reconfigure its body, as
reconfigurative motion. When UI < 0.5 we call the motion
steady. We denote motion in between reconfigurative and
steady as transitional. The two steady trials shown as
examples are moderately short extensions of a single cycle
period, having eight frames (for the forward trial) and six
frames (for the backward trial) more than the estimated
cycle period (Fig. 3).

Unsteadiness index is sensitive to the number of avail-
able frames, since it compares the configurations of the
midline in frames separated by a cycle period p (Fig. 4).
The steady backward trial (Fig. 3), which has the lowest Ul
of any backward trial, is one of three that is quantitatively
different from the rest, and more like the steady forward
trials. Despite this, with 25% fewer frames, it has roughly
twice as large a Ul as the steady forward trial shown,
which, although not the trial with the lowest Ul, is still
remarkable for the small UI obtained with so many frames.
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The two cycle forward trial (lower left, Fig. 3), is similarly
remarkable for its low UI with 26 frames beyond a cycle
period.

The two transitional trials illustrate lack of steadiness in
backward swimming, and the importance of considering
the number of frames used in the computation of the Ul
The forward transitional trial is one of only two trials that
contains more than two full cycle periods, having 23
frames past a cycle of 20 frames. This by itself is not
enough to account for the higher Ul, as the third forward
trial shows (Fig. 4), but its Ul is not far from the value
predicted by forward trials as a whole. Compared to the
other two forward trials, the transitional trial includes a
reconfigurative component with motion that is otherwise
fairly steady (Fig. 3).

Comparison of the two transitional trials (Fig. 3) shows
the backward trial’s motion is much less steady, despite
being the steadiest of all the backward trials except the
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Fig. 4 The number of frames analyzed alters UI. The association for
forward and most backward trials is clearly different, however, there
are three backward trials (shown by blue markers) that follow the
forward trial association. When they are included with all backward
trials their effect on R is substantial, driving it to essentially 0,
actually making it slightly negative. When they are excluded,
however, we see that the R for both sets of trials are appreciably
positive

three outliers. This trial includes only two frames more
than a cycle period, and this shorter relative length is
typical of backward trials (Fig. 4). This transitional trial
has more in common with the third, reconfigurative,
backward trial; both show substantial reconfiguration with

10 4

Steady

Number of Trials

0.0 0.1 02 03 04 05 06 07 08 09
Ul, Unsteadiness Index

Fig. 5 Unsteadiness indexs for forward and backward swimming
occupy separate modes in a biomodal distribution. The forward
swimming trials form the preponderance of the primary mode within
the steady category (0.1 < Ul < 0.4), while the secondary mode
(0.7 < Ul < 1.4) is comprised entirely of backward transitional or

Transitional

very little displacement, as witnessed by their short average
velocity vectors (shown in red, Fig. 3).

As shown in Fig. 4, the association between UI and
number of frames analyzed is different for forward and
backward motion. For forward trials, the association is
fairly strong and linear, while for backward trials it is quite
weak. In addition, the two regression lines have different
slopes and more importantly different intercepts; neither of
them zero. This precludes time averaging Ul to obtain a
parameter independent of the number of frames, as it
would artificially penalize shorter trials.

While this time dependence of UI is a weakness, it
displays a basic feature of this technique. Long trials,
measured in terms of the cycle period rather than seconds,
have more opportunity to be unsteady, and by and large are
more unsteady.

3.2.1 Steadiness and direction of locomotion

When the UI for all 34 trials are compared (Fig. 5), we
find clear separation of forward and backward swimming.
Backward trials demonstrate more unsteadiness, and more
variability in unsteadiness, in spite of the fact that they
show less variablility in p and V.. than forward trials
(Fig. 6). The backward and forward trials show no
appreciable association between Ul and either cycle per-
iod or swimming speed. If we disregard the high UI
outlier trial, there is a megative association between UI
and p (r = -0.744), suggesting that slower tail undulations
and steadier motion are correlated, only in backward
swimming.

Reconfigurative

. Forward

. Backward

Oin Fig. 5

1.0 1.1 12 13 14 15 16 1.7 1.8 19

reconfiguring trials. The largest Ul is an outlier even among backward
trials, which demonstrate more than twice the variability in UI of the
forward trials. (Spackwara = 0.46, and even ignoring the outlier the
standard deviation of the other 13 backward trials is 0.385, while
Sforward = 015)
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3.2.2 Reconfiguration errors and steady swimming

Differences between steady and unsteady swimming are
also detected and characterized by the REs (Fig. 7). The
pattern in the REs demonstrates that lamprey in the back-
ward swimming trials (on the right) are engaged in more
reconfiguration than during forward swimming. The tight
cluster of the REs for forward trials is partly attributable to
the greater speed, since these errors are all relative to
average speed. Even allowing for this, there is substantially
more reconfiguration, especially in the two least steady
backward trials shown. Compare these with the transitional
forward trial, where most errors are relatively tightly
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Cycle Frequency (Hz)

clumped, but the fish gradually reconfigured by sweeping
its tail downward over the end of the two cycle trial.

We can see this because generally REs for later cycle
period windows are larger than those for earlier windows,
and, in this case, a comparison of the initial frames with the
final frames (see Fig. 3), shows that the tail’s upstroke is
less extreme at the end of the trial. Compare this with the
REs of the transitional backward trial (see Fig. 7). There
are many fewer errors computed in this trial, only two
frame’s worth, compared with 23 for the corresponding
forward trial, but the backward trial’s reconfiguration er-
rors are larger, in both absolute and relative (to speed)
terms. The plot shows that, relative to the body as a whole,
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Fig. 7 Reconfiguration errors
(REs) for the representative
trials illustrated in Fig. 3 are
relative errors in estimates of
the average speed as defined in
Eq. 4. The change in scale
amongst the plots is the most
important basis for comparison.
These plots are transposed from
the positions of the
corresponding plots in Fig. 3;
rotate this figure 90° clockwise
to place these plots in the
corresponding positions
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the caudal region is reconfiguring up and to the the left,
over just a little more than one cycle. Looking at the mo-
tion of the backward transitional trial (Fig. 3), we can see
that this is the what has actually happened; the fish arches
its leading edge (tail) up and leftward. While reconfigura-
tion occurs in forward steady swimming, it tends to be both
smaller in magnitude and more gradual in occurance than
during backward swimming.

Comparing the backward transitional and reconfigura-
tive trials, we see the latter group has no errors as large as
the largest in the former; instead it has many more errors,
nine frame’s worth. Thus, while the reconfiguration across
any individual cycle period is less for the latter, because it

0.4

-0.4 0.4 0.4

0.5

is longer (measured in cycle periods), it allows for more
reconfiguration to occur. This is apparent from the motion
(Fig. 3), where the reconfiguration from the initial to the
final frame in the reconfigurative trial is more extreme
than in the transitional trial. This qualitative observation is
suspect because the initial and final frames of a trial are
not typically at the same phase of a cycle period, and so
the periodic component may appear to be reconfigurative.
This idea can be made more rigorous by filtering out the
periodic components of the motion as described in
Sect. 3.3.2. However, the UI allows us to state that the
reconfigurative trial is 65% more unsteady than the tran-
sitional trial.
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3.3 Harmonic structure of undulatory swimming

The entire dataset for each of the 34 trials was analyzed.
The resulting fitting functions have the form of Eq. 7 with
Nmax = 2. The fitting functions can be used to compute
many kinematic parameters generally used to quantify
motion of a swimming fish. These include not just mean
velocity and tailbeat frequency, whose generalizations, V.
and p, have already been discussed extensively. The fitting
functions also allow estimations of head-tip and tail-tip
amplitude, propulsive wavelength, wavespeed, stridelength,
lateral curvature, relative power, Reynolds number, Strou-
hal number and Froude efficiency in ways that give weight
to all the data collected, rather than depending upon the
measurement of a small number of points to characterize the
entire motion. As an example of this, we examine these
trials for the presence of an accelerating wave of curvature
in Sect. 2.3 below. First, we examine the harmonic structure
of the six representative trials of Fig. 3 by means of har-
monic structure plots, as described in Sect. 2.7.

3.3.1 Visualizing harmonic structure

Our kinematic analysis of the whole body is summarized
by harmonic structure plots (Fig. 8). Each plot displays the
information contained in 62 linearly displaced Fourier
series that describe the motion of one of the trials.

The plot of the forward steady trial shows basic features
of steady locomotion. The secular velocity terms in both
the lateral and axial dimensions are small, while the lateral
fundamental frequency is large, and grows approaching the
trailing edge (the caudal tip in this trial). The periodic
contribution in the axial direction is small and the funda-
mental component has roughly constant phase. The axial
first harmonic component grows in amplitude with the
amplitude of the fundamental lateral component. The phase
of the lateral fundamental shows that the body has roughly
one and a quarter waves on it. Also, the phase decreases
steadily as we move posteriorly, indicating a wave travel-
ing down the body. Examining R?, we see that the fit in the
lateral direction is excellent, with over 90% of the motion
accounted for by this model at every point on the body. The
fit in the axial direction is worse, since the data have been
transformed to remove the displacement due to the average
velocity of the fish. Thus for a steady trial like this, there is
very little axial motion left, and the error is relatively larger
than in the lateral dimension.

The steady backward trial has some of the features just
delineated, but also notable differences. Most obvious is
more uniform amplitude of lateral fundamental compo-
nents of the model. Although the smallest amplitude occurs
at the leading edge (the caudal tip), that amplitude is nearer
to maximum than in the forward trial. (Sizes are scaled
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relative to the maximum fundamental lateral component,
thus relative sizes within a plot are meaningful, but com-
parison across trials is inappropriate.) Further, amplitudes
increase moving anteriorly until roughly 30% of a fish-
length from the rostral tip. Amplitudes decrease to roughly
the 10% mark, and then increase to the rostral tip. Presence
of a second local maximum amplitude point, as well as
more nearly uniform amplitude along the whole fish, are
common characteristics of backward swimming trials not
shared by forward swimmers. Note that the phases of lat-
eral fundamental components indicate both a longer
wavelength (just over one wave on the body), and that the
wave travels forward in this trial, since the phase decreases
moving anteriorly.

The lateral fit for this trial is slightly worse than in the
steady forward trial, as the REs suggest (see Fig. 7);
however, the fit in the axial direction accounts for sub-
stantially more of the motion contained in the data. This is
because of larger axial components; this trial has more
axial motion left when displacement due to composite
average velocity is accounted for. The high R*’s show that
the reconfiguration taking place in this trial is occurring
with roughly constant velocity at each body point, since the
model, including secular velocity, yields an excellent fit to
the data.

Looking at the backward transitional trial, it is clear that
the model’s fit to this trial is even better than either of the
two trials considered to this point. The ability of a model
for steady locomotion to fit so well to data that is not steady
lies in the inclusion of secular velocity. Note the increase in
magnitude of these components compared to the steady
trials. The squares (or diamonds) symbolizing velocity are
scaled so that their area is comparable to the area of a disk
for a fundamental frequency component that has the same
average speed over a cycle period. So, we can see that at
the caudal tip, the secular velocity term is causing more
displacement than the periodic motion, because it has lar-
ger average speed. If the secular dominates the periodic
over the entire length of the fish, then motion would be
reconfigurative. As it is, this plot agrees with its classifi-
cation as transitional.

3.3.2 Excising the periodic component of motion

To remove the periodic component of the fitting functions
in a model, leaving the “average” position of the fish at
any moment, we set the coefficients of the cosine terms in
either of Eq. 7 or 8 to zero, leaving only the secular terms.
This average position can be used to identify reconfigura-
tion of the fish independent of periodic motion.

Consider the comparison offered by Fig. 9 of the two
bottom-most trials in Fig. 3. Displaying initial and final
frames of the two trials with both the actual and average
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positions requires reintroducing the composite average
velocity to the model (It was removed as described in
Sect. 2.6.), as well as excising the periodic terms. The
forward trial has very little reconfiguration, just a slight
downward motion of the tail, and a compensating upward
motion in the precaudal region. Over the 1.26 cycle periods
of the unsteady trial, the translation in the axial direction of
the fish is dwarfed by the lateral leftward (in the fish’s

frame of reference) motion of the midsection and corre-
sponding rightward motion of its extremities. These results
are consonant with the REs for these trials (Fig. 7), but
they derive from Fourier analysis, rather than from com-
parison of frames separated by a cycle period. Examining
Fig. 7, the REs for the forward trial shows REs of neigh-
boring body points are necessarily grouped together, and
the errors tightly clustered about the origin. The density
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Fig. 9 Forward swimming is primarily translational while backward
swimming combines translation and reconfiguration. The black
curves represent the actual body midlines of the lampreys, while
the red curves represent “average” positions at the same instants, as
defined in Sect. 3.3.2. These average positions average out periodic
undulatory motion, leaving the net positions that change aperiodi-
cally. Data from trials shown in the bottom row of Fig. 3; Ul = 0.16
(top) and 1.29 (bottom). The differences in the positions of the initial
and final black curves in the figure reflect the actual movement of the
fish (as contrasted with Fig. 3). The differences in the positions of the
initial and final red curves show the aperiodic change in the average
position and configuration of the fish. Specifically, for the backward
trial, the differences in the shapes of the initial and final red curves
demonstrate the prediction of the REs shown in Fig. 7 that the fish
undergoes a major displacement in the form of a U-shaped
reconfiguration that dominates the translation of the fish in this trial.
This deformation is not the result of periodic undulation, as this figure
demonstrates. In comparison, the change in the initial and final
averaged positions for the forward trial show that this trial is
dominated by translation, with relatively little reconfiguration. This
agrees with the REs for this trial, shown in Fig. 7

decreases roughly uniformly regardless of the direction of
departure from the origin, but errors with negative y-
component are for the caudal region, while those for pre-
caudal to mid-fish points have positive y. The average
positions in Fig. 9 confirm that reconfiguration in the raw
data is not simply due to a change of phase, but rather to
secular reconfiguration of the fish.

3.3.3 Number of waves on the body

By summing phase differences from one body point to the
next for the fundamental frequency in the lateral direction,
it is possible to compute the total phase difference from the
tail to the end of the fish; dividing by 27 yields the number
of traveling waves computed in a fashion that takes into
account all the available data, and therefore more accurate
than a visual estimate based on a single frame (Long and
Nipper 1996). Based on this data we can assert that there is
no important association between Ul and waves on the
body, but that backward swimmers have roughly one
quarter fewer waves on the body than forward swimmers,
since the mean for the forward trials is 1.46 with standard
deviation Sgorwarg = 0.15, while the backward trial mean is
1.20 with Spackwara = 0.21. Lamprey use smaller wave-
lengths proportional to body size for forward swimming,
as compared to backward swimming with P = 0.0003,
t =398, df = 22.02.
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Linear regression of the phases of the fundamental fre-
quency in the lateral dimension is another means to esti-
mate the number of waves on the body; it also permits
identification of acceleration of the traveling wave. The
quotient 27/m is the best estimate for the wavelength 4,
assuming a traveling wave of the form A(x)cos(wt — 27 x/A
— ) describes the overall motion. Here, x is distance from
the rostral tip, and the other quantities are as described in
Sect. 2.6. The results for five of the six trials shown in
Fig. 3 are shown in Fig. 10. The wavelength is substan-
tially constant along the length of the lamprey in all these
trials. Beyond this, the plot shows a pattern in those small
deviations from constancy: near the leading edge, phase is
consistently underestimated by the regression line, indi-
cating a longer wavelength in this region. Downstream
there is a portion of the body, between roughly 1/6, and 1/3
fish-length from the leading edge, where phase changes are
greater than predicted by the regression line, indicating a
region where the wavelength is shorter. Thereafter, phase
changes in the forward trials settle close to the line. In the
backward trials, deviations are more pronounced, and the
pattern on the more anterior portion of the fish is less clear.
The steady trial seems more like the forward trials, while
the two less steady trials show deviations in wavelength
along the entire length of the fish.

3.3.4 The speed and amplitude of undulatory waves

In all forward swimming trials except the least steady,
amplitude of the lateral wave of deflection is decreasing
posteriorly at the rostral tip. While the point where mini-
mum amplitude occurs varies from trial to trial, it is gen-
erally 10% of body length from the rostral tip. Posterior of
this point, the amplitude increases roughly exponentially,
but often with a stairstep appearance (Fig. 11). The three
forward trials all show this profile, although the steadiest
trial appears to have a change in the rate of exponential
growth at a point 1/3 fish-length from the rostrum. At this
point more rapid exponential growth seems to change to
growth that is still exponential with a lower rate. The other
two trials display stairsteps indicating a roughly constant
rate of growth but with fluctuations along the length of the
fish. Using the analysis of Cheng and Blickhan (1993), this
suggests comparable fluctuations in the speed of the wave
of curvature.

The amplitude profile of lateral deflection for backward
swimmers is remarkably different. In all three trials (see
Fig. 11), average amplitude is much larger, and amplitude
is increasing at the leading edge, moving downstream. The
amplitude reaches a peak just downstream of the leading
edge and then drops to a minimum less than 1/3 fish-length
from the leading edge. From there it rises to a second local
maximum somewhere in the middle third, before falling to
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a local minimum 1/6 of a body length from the trailing
edge. From that minimum, amplitude rises exponentially to
the rostrum. Fluctuations near the leading edge are less
pronounced in the two steadier backward trials, and the
local minimum near the trailing edge is more marked in the
two less steady trails. Despite these deviations, more
remarkable are similarities shared by these trials, and their
difference from forward swimming profiles.

3.4 Secular acceleration as a deviation from steadiness

Our technique allows us to identify secular acceleration in
motion that superficially appears to be steady swimming.
The utility of this technique is apparent in comparing the
models of the two less steady forward trials (Fig. 8) with
models incorporating a secular acceleration term (Eq. 8,
see top row of Fig. 12). Inclusion of the acceleration term
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offers remarkable improvement, especially for the less
steady of the two trials. Perhaps more remarkable is the
comparison of the fits incorporating acceleration with fits
that add higher harmonics to the base model (see bottom
row of Fig. 12). Despite using seven additional degrees of
freedom at every body point, the higher harmonic models
have lower R? values than the secular acceleration models,
showing that secular acceleration is more important than
higher harmonics in describing the motion observed in
these trials.

4 Discussion

Here we present a method that analyzes, via a mathemat-
ical decomposition, whole-body kinematics of an important
category of fish swimming behaviors—single propulsive
cycles of translation with superimposed elements of har-
monic and secular motion. After determination of the
body’s propulsive cycle and frequency, this method uses
harmonic analysis and statistics to identify and characterize
different behaviors. For example, forward and backward
swimming motions in lamprey are similar in terms of the
pattern of phase lag of the fundamental harmonic, but they
differ in their unsteadiness. This method also makes pos-
sible analysis of kinematic changes in behavior of a single
individual, a capability that, while not used in this study,
should interest researchers needing detailed kinematic in-
puts to open-loop models or accurate tests of validation of
outputs of closed-loop models.

Using this method, we found three important general
conclusions about swimming lamprey: (1) they can
superimpose periodic and secular components of body
motion, (2) they can modulate the relative magnitudes and
axial patterns of the superimposed periodic and secular
components, and (3) they can change shape. We are left
with a novel hypothesis—the seemingly simple act of
steady swimming is a maneuver requiring active minimi-
zation of secular motion and body reconfiguration.

4.1 The whole-body kinematics of forward
and backward swimming

Prior to our analysis, we had two different expectations:
(1) that backward swimming in lamprey was simply for-
ward swimming with reversed direction of body flexure
propagation (Grillner 1996) and (2) that backward swim-
ming in lamprey, based on that in eel, would involve much
larger lateral displacements over more of the body than
forward swimming (D’Aout and Aerts 1999). We found
support for both. Even though lateral amplitudes of the
fundamental frequency fits the pattern seen in eels
(Fig. 11), the phase lag pattern of the lateral amplitudes of
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the fundamental frequency for backward swimming is
equal and opposite to that of forward swimming (Fig. 10).
Surprisingly, both amplitude and phase lag results for
forward or backward swimming are independent of
unsteadiness. In other words, the kinematic behavior of the
fundamental harmonic motion of the body—arguably the
basis of steady locomotion—can be analyzed and com-
pared independently from secular components of motion,
velocity and acceleration. This also suggests that neural
mechanisms controlling steady locomotion can have
superimposed upon them other neural mechanisms that
control secular motions, including body reconfiguration.
While local central pattern generators control, with feed-
back from stretch receptors (Sigvardt 1989), the steady
kinematics, work on startle responses (Ritter et al. 2001)
suggests a parallel and superimposable neural system
mediated by the reticulospinal network.

Further, compared to forward swimming, backward
swimming has fundamentally different kinematics: it is
more reconfigurative, i.e., less steady. Backward swim-
ming frequently also includes larger deviations in wave-
length along the fish, although this is not present in the
steadiest trials. This follows from a different physiology of
motion: in backward swimming, points along the fish tend
to follow the trajectory of points nearer the leading edge.
Some of the differences between forward and backward
swimming are likely to be caused by lamprey’s head-
retraction startle response and its associated body recon-
figuration (Currie and Carlsen 1985, 1987). The startle
mechanism may explain correlation between rapid cycle
frequencies and high Uls in backward swimming of juve-
nille lampreys. Under the conditions examined here, we
also see that behavioral flexibility varies with swimming
direction. Forward swimming occurs over a greater range
of swimming speeds and cycle frequencies than backward
swimming.

4.2 Unsteady swimming and changing body shape

According to our definition, steady swimming contains
unsteady elements and unsteady swimming contains steady
elements. When we incorporate secular acceleration to
model body kinematics, forward motion trials show rapid,
small reconfigurations achieved by independent accelera-
tion of different segments along the length of the body in
the course of one or two cycle periods. In contrast, re-
configuration in backward trials, while also present, tends
to be slower and steadier, and can be modeled with secular
velocity alone. The ability to accurately model backward
reconfigurations without secular acceleration indicates that
they are achieved by steady differences in velocity of
segments of the fish. The two conclusions are unexpected:
(1) lamprey change shape, they reconfigure, as the swim
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Fig. 12 Models with secular acceleration give a superior fit
compared to those with just higher harmonics and no secular
acceleration. Two examples are given (from Fig. 2): the transitional
forward swimming and the steady two cycle forward swimming trial.
Secular acceleration is included in models of the fop row and is
indicated by triangles. In spite of the much larger number of

and (2) they change shape in different ways depending on
the direction of swimming.

While we have not analyzed steady swimming within
the experimental paradigm of flume studies, our analysis
shows that motion classified as steady in a still-water tank
shows considerable variation, typically more than the 5%
threshold set by Jayne and Lauder (1995). REs for the four

parameters included in the models with higher harmonics (seven more
at each body point; see botfom row), in both cases models with secular
acceleration give better fits for both axial and lateral dimensions. See
Sect. 2.7 for a more detailed description, and Sect. 3.4 for a more
detailed interpretation of these plots

trials with the smallest Uls all display variation greater than
5%, and for two of them, including the trial with the best
Ul in the dataset, the rostral tip displays errors greater than
5%. However, only the trial with the worst UI of the four
has REs larger than 10%, and only near the caudal tip. Note
that these REs include two dimensions, while Jayne and
Lauder considered only the axial dimension.
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4.3 Growth of displacement amplitude and wavespeed
of curvature

Many authors have noticed that undulatory locomotion
must display accelerating waves of curvature (e.g., Hess
and Videler 1984; Katz and Shadwick 1998). An equiva-
lent expression to a constant velocity wave of curvature is
that the amplitude of deflection increases exponentially
along the body (Cheng and Blickhan 1993). Thus a simple
way to test for accelerating curvature is via amplitudes of
fundamental frequency contributions to lateral motion. If
logarithms of these amplitudes are concave up, indicating
that the growth in amplitude is super-exponential, then the
wave of curvature is accelerating. Conversely, concave
down logarithms indicate decelerating curvature. Using
this criterion, none of the 34 trials showed consistently
accelerating waves of curvature. Instead amplitudes seem
to fluctuate from concave up to concave down, indicating
that curvature is changing velocity as it propagates.

4.4 Extension of the technique

The analytical technique we apply to swimming lamprey
can be extended to other maneuvers. Only Eq. 1, which
insists on only periodic acceleration which averages to
zero, constrains the model to steady swimming. By incor-
porating secular acceleration constant across the extent of
the fish, the model can analyze (1) linear accelerations like
that associated with S-type fast starts and (2) rotational
accelerations involved in turns. Moreover, if we allow
secular acceleration to vary along the fish, the model ap-
plies to more intricate maneuvers, like C-type fast starts.
These extensions require careful limitations on secular
terms in order to maintain the model’s simple form.
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